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A Root Locus-Based Flutter Synthesis Procedure

Prabhat Hajela*
Stanford University, Stanford, California

An efficient generalized constraint is proposed in the context of a nonlinear mathematical programming
approach for the minimum weight design of wing structures for flutter considerations. The approach is based on
a root locus analysis procedure that is better suited for flutter redesign than the conventionally used V-g method.
The proposed flutter constraint does not require an actual computation of the flutter speed, allows prescription
of meaningful margins of safety in the optimized design, and lends itself to elegant computation of sensitivity
information. The approach is implemented and results presented for representative structural models.

Nomenclature
[A] = generalized aerodynamics matrix
b = semichord of wing measured normal to the elastic

axis
&ref = reference value of the wing semichord
[B] = aeroelastic matrix
C(s) =Theodorsen function
[C] = structural damping matrix
d = vector of design variables
g = measure of net damping in the structure
gj =yth inequality constraint on response quantiy
k •= reduced- frequency parameter
[K] = generalized stiffness matrix
[M] = generalized mass matrix
q = dynamic pressure parameter
s =nondimensional Laplace variable
[v] = adjoint eigenvector of aeroelastic matrix
V = f reestream velocity
Kreq = reference f reestream velocity below which flutter

is to be excluded
W - objective function
[x] = vector of nodal displacements
[z] = vector of generalized displacements
7y = viscous damping ratio for the jth complex root
<yref = lower bound on the viscous damping ratio
77 = real part of s
[\] = eigenvalues of the aeroelastic matrix
A = sweep angle for the elastic axis
pa = air density
T = imaginary part of s
corf = damped frequency of aeroelastic response
coref = lower bound on the damped frequency

Introduction

W ITH the development of lightweight, high-performance
aircraft, it has become increasingly important to

account for dynamic response characteristics in a minimum
weight airframe synthesis problem. This task is further
complicated with the inclusion of aeroelastic considerations in
the design process. The flutter constraint exhibits nonlinear
characteristics with variations in structural component size.
Moreover, the calculation of the flutter speed repetitively in
an optimization procedure can be a computationally ex-
pensive task.
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Perhaps the first flutter synthesis effort can be attributed to
a 1969 effort of Turner.1 Several research publications have
focused on this subject since,2"4 involving both the optimality
criteria and the nonlinear programming methodology for
optimization. With the ready availability of optimization
algorithms and efficient discrete analysis programs, optimal
flutter synthesis is not a conceptually difficult problem.
However, with the emphasis on automated design
capabilities, it is necessary to incorporate efficient flutter
analysis procedures that would require minimal user in-
teraction. Of the competing methods for aeroelastic stability
analysis, the V-g method is perhaps the most extensively used.
Despite the widespread application of this approach, there are
some serious drawbacks that detract from its effectiveness.
These drawbacks stem from the limitations of the V-g method
and are briefly discussed in this paper. A better way of for-
mulating the flutter constraint presents itself if the aeroelastic
analysis were to be done by a root locus procedure.5 This
formulation is based on a cumulative constraint concept6 that
allows the user to fold multiple inequality constraints into a
single representative measure. Additionally, the constraint
gradients can be computed analytically in an efficient manner.

Problem Statement
The general nonlinear programming statement for the

weight minimization problem can be written as
Minimize

subject to
W(d)

gj(d)<0 y = 7,2,..;, iij-

and the side constraints on the design variables

(1)

(2)

(3)

where W is typically the weight of the structure; gj the
inequality constraints representing bounds on response
quantities; and d\ and d? the lower and upper bounds on the
design variables, dif respectively. In the present formulation,
gj is the constraint needed to exclude flutter from the flight
regime and the bounds on the design variables are specified
from strength and displacement considerations.,

Algorithms of mathematical nonlinear programming have
proven invaluable in the optimal design of complex structural
systems. However, the efficiency of these algorithms is
seriously compromised in the presence of a large number of
design variables and constraints. The basic idea of the
cumulative constraint is to form a representative envelope of
the multiple inequality constraints. This concept stems from
looking at the constraints from a global structural viewpoint



1022 P. HAJELA J. AIRCRAFT

rather than at the element component level. Three possible
forms of the constraint have been proposed and evaluated in
extensive detail.7 The constraint that was implemented in the
present work can be written as follows:

K=-e+

= - e + - Ln ^ exp(pg, )

where
if gi>0
if

(4)

(5)

The above formulation folds the nr inequality constraints into
the cumulative measure K. The constraint function K switches
between two functional representations and this transition is
governed by the preassigned numerical value of \l/, selected
such that the transition occurs close to the constraint
boundary. Factor p determines the relative participation of
the individual constraints gj in the cumulative measure and is
typically of the order 102.

Flutter Optimization via F-g Method
This method of flutter analysis has been extensively used

and referenced in literature.8'9 A system is said to be critical in
flutter if it undergoes steady-state oscillations without
damping.. If there is a net transfer of energy from the air to the
structure, the amplitude of the oscillations increases in time,
resulting in a divergent instability. Taking recourse to a modal
approach to describe the response of the structure in terms of
a finite number of degrees of freedom, the linearized flutter
equation can be written as follows

where

(6)

(7a)

(7b)

(7c)

In the above equations, [$] is the modal matrix and its
columns typically contain coordinates of natural modes of
vibration of the structure; [K] and [M] the generalized
stiffness and mass matrices; [A] the generalized matrix of
aerodynamic forces; x the vector of nodal displacements; and
lz] a vector of generalized displacements. The complex eigen-
value Q is defined as follows:

where a? is the frequency and g the damping parameter. For
each value of the reduced frequency parameter k=u>b/V, Eq.
(6) is used to compute a set of complex eigenvalues Q from
which the corresponding set of F-g points can be calculated.
These points are then mapped on a familiar V-g plot (Fig. 1)
to obtain the F-g curve. A crossover of the g = 0 line in any
mode indicates a flutter condition for that mode at the
corresponding velocity (i.e., the damping parameter is zero).
The optimization task can thus be stated as a redesign for
minimum weight subject to the constraint that no mode has a
crossover of the zero damping line at flight speeds less than a
specified quantity. Despite the apparent advantages of this
formulation that largely stem from an ease of analysis, there
are some serious drawbacks that would suggest a search for an
alternate procedure. These problem areas are linked to the
following.

Damping ' g 1

; REGION IV

hump mode

R E G I O N I

REGION I I I

req

Velocity 'V

REGION II

Fig. 1 Formulation of the generalized flutter constraint in the
context of the V-g method for flutter synthesis.

1) The F-g plots are exclusively dependent on a somewhat
ambiguous reduced frequency parameter k. When selecting a
set of k values, it is not possible to predict the corresponding
F-g value for a chosen mode. This can result in one of two
problems: a) Chosen values of k may be such that the V-g
pairs always lie in the quadrants I-III (Fig. 1), though the
curve for a mode may have crossed the g = 0 line for V< Freq .
In such a situation, the optimizer would not recognize a
constraint violation. This was indeed the case for the wing box
example considered here. An easy solution to this problem
involves tracking the critical modes and linearly interpolating
between crossover k values to determine the flutter speed, b)
A hump mode-type instability9 (Fig. 1) is hard to account for
in an automated procedure and often requires a great deal of
user interaction.

2) In the F-g approach, instability is. described in terms of
an artificial damping parameter g. This quantity is only
meaningful for g = 0, that is, the state of undamped
oscillatory response. Hence, it is not possible to formulate a
constraint which prescribes a measure of viscous damping in
the final design.

3) Third and perhaps not so critical is a different problem
inherent with the V-g analysis procedure. The F-g plots for a
given mode may "wind back," resulting in two damping
constants for a single flight speed. This can provide
misleading information to the optimizer and result in con-
vergence problems.

Constraint Formulation in the $ Plane
A root locus based aeroelastic stability analysis procedure

provides a useful alternative method for formulating a flutter
constraint that does not require the actual computation of the
flutter speed. The equation of motion for the system can be
written as

(8)

where [M], [C], and [K] are the mass, structural damping,
and stiffness matrices; and { Q A } the vector of externally
applied loads. In the present exercise, the structural damping
is ignored although its inclusion does not entail any extensive
effort. Writing the Laplace transform of Eq. (8) for zero
initial conditions, one gets

(9)

where q= Vi (pa) V2 is the dynamic pressure and s the non-
dimensional Laplace variable defined in terms of a reference
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semichord &ref and the quarter-chord sweep angle A as
follows.

cfc ,
(10)FcosA

Using the modal method of representation, Eq. (9) can be
rewritten as

+ [K] -q[A (s) } } { X ( s ) ) =0 (11)

where ([M] and ([K] are the generalized mass and stiffness
matrices as defined in Eq. (7); [A ] is the generalized
aerodynamics matrix and includes airloads due to the motion
only; and [X(s)} the vector of modal amplitudes. For
various values of the dynamic pressure, q, the roots s that
would yield a nontrivial solution to Eq. (11) are obtained
from the characteristic equation

tet([M]s2+[K]-q(A(s)])=0 (12)

These roots are, in general, complex. The system would be
unstable for that value of q for which one of the roots has a
positive real part. The constraint can thus be formulated by
choosing a set of dynamic pressures corresponding to flight
speeds of interest, computing the roots of the characteristic
equation (Eq. 12) and requiring that the real part be negative

nr (13)

nr=ndpxnd

where nd is the order of the characteristic determinant and
ndp the number of dynamic pressures considered. Since the
root locus approach permits calculation of the viscous
damping in each mode, the constraint can also be formulated
such that the damping in a chosen mode be greater than a
specified value. For a complex root

(14)

Region I:

Region II:

Region III:

Region IV:

8i=~ <0

(20)

(21)

(22)

(23)

the viscous damping ratio jj can be written as

where A^ and Y^f are typical values of Xs and Ys en-
countered in region IV. This region is the inadmissible region
as both the damping and frequency constraints are violated.
The constraint formulation is peculiar in that two response
parameters, 7 and co^, are controlled by a change in the design
variable vector. This is in contrast to say a stress constraint,
where stress response alone is affected by a change in the
design variable. The constraint violation in region IV can be
alleviated by a move toward region I or upward into region
III. It is therefore important that the constraint gradients in
this region be structured so as to eliminate any bias toward a
direction of move/Equations (20)-(23) were formulated with
this objective in mind. These constraints can be folded into
the cumulative measure K to yield a single inequality con-
straint for the problem. The proposed formulation is
preferred over the F-g approach because it allows prescription
of a realistic safety margin in the problem formulation.
Moreover, the ambiguous reduced frequency parameter is
replaced by a more meaningful dynamic pressure parameter
for prescribing the flight conditions at which the stability
analysis needs to be performed. Since the arrival and
departure angles for roots at different dynamic pressures can
be monitored in an automated procedure, it would be easier to
detect hump mode-type instabilities.

(15)

For such a constraint formulation it is also meaningful to
restrict the damped frequency of the response at selected
flight conditions to be greater than a specified value. A
combination of the damping and frequency constraints results
in the creation of the feasible and infeasible regions in the s-
plane design space, as is illustrated in Fig. 2. It is important to
keep the constraint value continuous when passing from one
region to another.

Defining
X = ̂ --7 . (16)

Tref

where

(17)

(18)

7ref and coref are the lower bounds pn the viscous damping and
the damped frequency, respectively. In addition to the nr
constraints

Re(Sj)<0 (19)

the constraints in each of the four regions can be written as
follows.

Solution Procedure
The generalized mass and stiffness matrices were generated

via a general purpose finite-element program. The natural
modes of vibration for the structural model were also ob-
tained in this program and were used to generate the elements
of the matrix of generalized aerodynamic forces. Yates's
modified strip theory aerodynamics10 was used to determine
the unsteady airloads. The presence of the transcendental

I m ( s )

R E G I O N I I R E G I O N I I I

Re(s )

Fig. 2 Formulation of the generalized flutter constraint using a root
locus approach.
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function C(s) tends to complicate the solution procedure.
However, an approximation to this function proposed by
R.T. Jones^ simplifies the process. This approximation is
written as a ratio of quadratic polynomials

C(s)=C(s) = CjS2 +C2S+C3 (24)

(25)

where

Cj =0.5000 c? = 0.2808 c3 =0.01365

dj =1.0000 d2 = 0.3455 d3 = 0.01365

For small values of the reduced frequency (0.1-0.5), this
approximation has been demonstrated12 to closely match the
exact C(s) function.

Constraint Gradients
Since the generation of constraint gradients via finite

difference approximations requires a considerable investment
of computational resource, it is important to be able to
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Fig. 3 Finite element model of wing box cantilever structure.
Numbers indicate design variable ID hos. Symmetry ensures fixed
chordwise location of the center of mass.

generate this information analytically. The constraint
gradients require the calculation of quantities such as
dRe(s)/ddj and dim (s) /ddj. Following an approach similar
to the one proposed by Gwin and Taylbr,13 the properties of
the adjoint eigenvalue problem can be exploited for this
purpose. Equation (11) can be rewritten in the form

where
[B][X}=0

= ([M]s2+[K]-q[A])

(26)

(27)

The adjoint eigenvalue problem can be written in terms of the
adjoint eigenvector { v ] as

( v } T l B ] ~ Q (28)

Differentiating Eq. (26) with respect to theyth design variable

(29)

Premultiplying by {t;}rand using Eq. (26), one obtains

Weight lb-sec f/in

0.4

0.2

V-g Method

Root Locus Method

4 . 0 . 8.0 , 10.0
Cycle Number

Fig. 4 Weight iteration history for the wing box cantilever structure.

rod elements
3

Fig. 5 Finite element model for the swept can-
tilever wing structure. Numbers indicate the element
ID. All quadrilateral panels are membrane elements.

17.78m"
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which can be written in the expanded form as

(30)

(31)
For the chosen finite-element representation used in this
exercise, the design variables are the thickness of membrane
elements and cross-sectional areas of the bar elements. The
mass and stiffness matrices are linear in these design variables
and the sensitivity of these matrices can be obtained routinely
in a finite-element program.14 In an appendix of Ref. 7, the
aerodynamics matrix is shown to have the following form

[A(s) ] = [A]3

(32)

Note that in Eq. (31) the derivative of the aerodynamics
matrix with respect to the design variable d} is zero. This
stems from a constant mode assumption used in this exercise
whereby the natural modes of vibration are assumed un-
changed over a prescribed number of design iterations. The
coefficient matrices [^4], in Eq. (33) are constant matrices
under this assumption.

The derivative of the aerodynamics matrix can be expressed
as

d[A(s)]
—— *-= — r2 r -

= [A]r+2s[A]2
-[A ] 3

]4 + C(s)[A]4 (33)

Since the eigenvectors of the system are in general complex,
the following definitions are used for ease of notation.

(34)

(35)

(36)

(37)

where DM, DK, DA, and /?Mare, in general, complex scalar
quantities. With these definitions, the derivative of s for each
of they design variables can be written as

(38)sRM- qDAJ

The real and imaginary parts of this expression can be used in
the constraint formulations of Eqs. (13) and (20)-(23) as
follows.

1) Aeroelastic stability constraint without damping con-
siderations:

dgi drii

2) Aeroelastic stability constraint with prescribed viscous
damping and response frequency:

1 dy
Trtf MJ

(40)

(42)

ds

rad/sec
o I Bending
A II Bench'ng
n I Torsion
• II Torsion

-—«— increasing dynamic
pressure

-180

J50

-120

.90

-35 -30 -25 -20 -15 - 1 0 - 5
Re(s ) rad/sec

Fig. 6 Root locus plot at first iteration for swept wing.

Table 1 Comparison of results of flutter optimization using the V-g and the root locus procedures
for stability analysis (The structure optimized for minimum weight is the primary structural box

of an unswept cantilever wing.)

Element
ID No.

1
2
3
4
5
6
7
8
9

10
11
12

Element
type
ARa

AR
AR
QMb

QM
QM
QM
QM
QM
QM
QM
QM

Initial
design

12.9cm2

12.9cm2

12.9cm2

0.1015cm
0.1015cm
0.1015cm
0.203 cm
0.203 cm.
0.203 cm
0.1015cm
0.1015cm
0.1015cm

Final design V-g
approach

2.148cm2

2.148cm2

2.148cm2

0.0411cm
0.0392cm
0.0348 cm
0.1485cm
0.1399cm
0.1348cm
0.0960 cm
0.0960 cm
0.0929 cm

Final design root
locus method
2.148cm2

2.148cm2

2.148cm2

0.0387cm
0.0393 cm
0.0363 cm
0.1387cm
0.1405cm
0.1387cm
0.0930cm
0.0930 cm
0.0931cm

a AR = axial road; b QM = quadrilateral membrane.
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For purposes of computational efficiency, it is not desirable
to update the natural modes of vibration for every iteration of
the optimization process. However, the accuracy of the
analysis begins to deteriorate with changes in the design
variable vector. The natural modes of vibration were updated
only after every five iterations. In the present work, a linear
updating of the system stiffness and mass matrices was used
to save on computational resources.

Table 2 Initial and final designs for the swept wing sized for a flutter
constraint (Root locus approach used for flutter speed calculation.)

Element
ID No.

1
2
3
4
5
6
7
8
9

10
11
12

Element
type

ARa

AR
AR
AR
QMb

QM
QM
QM
QM
QM
QM
QM

Initial
design

12.9cm2

12.9cm2

12.9 cm2

0.1015cm
0.1015cm
0.1015cm
0.203 cm
0.203cm
0.203 cm
0.1015cm
0.1015cm
0.1015cm

Final
design

3.226cm2

3.226cm2

3.226cm2

0.0330cm
0.0416cm
0.0502cm
0.1424cm
0.1597cm
0.1779 cm
0.0965 cm
0.0987cm
0.1003cm

a AR = axial road; bQM = guadrilateral membrane.

Table 3 Initial and final designs for the swept wing sized for a flutter
constraint (Root locus approach used with prescribed

stability margin.)

Element
ID No.

1
2
3
4
5
6
7
8
9

10
11
12

Element
type

ARa

AR
AR
QM
QM
QM
QM
QM
QM
QM
QM
QM

Initial
design

12.9cm2

12.9cm2

12.9cm2

0.1015cm
0.1015cm
0.1015cm
0.203cm
0.203 cm
0.203 cm
0.1015cm
0.1015cm
0.1015cm

Final
design

5.101cm2

4.908 cm2

3.904cm2

0.0705 cm
0.0391 cm
0.0524 cm
0.1534cm
0.1505cm
0.1665cm
0.0961 cm
0.0984cm
0.0996cm

(44)

(45)

Implementation
A finite-element analysis routine was coupled to an un-

steady aerodynamics code and a feasible usable search
direction optimizer CONMIN,15 via pre- and postprocessors.
All computations were performed on a VAX 11-780 system
with the flow between the processors controlled in the DEC
command language.

Test Examples
The unswept cantilever wing box model (Fig. 3) was used as

the first test example to validate the synthesis procedure. The
results of this exercise are presented in Table 1. There is good
agreement between the results obtained through this approach
and those from the K-g formulation. The weight iteration
history for this example is depicted in Fig. 4 and shows a
smooth convergence to the optimum.

A swept cantilever wing model was used as the second
example in the method evaluation. This structure has 108

2~0 ,— Volume-in 3 (x 104)

1.0

0.0

marginal stabil i ty

2.0 10.0

a AR = axial road; bQM = guadrilateral membrane.

4.0 6.0 8.0
Cycle Number

Fig. 8 Weight iteration history for the swept wing.

Im(s)
rad/sec

o I Bending
A II Bending
a I Torsion
• U Torsion

-» increasing dynamic
pressure

V=190m/s

.180

•150

.120

•90

V=30m/s ——--^
-35 -30 -25 -20 -15 -1

R e ( s ) rad/sec

Fig. 7 Root locus plot at twelfth iteration for swept wing. Structure
designed for marginal stability.

Im(s)
rad/sec

._ increasing dynamic
pressure

V=190m/sec

II Bending
I Bending

V=30.5m/sec

50

,40

•30

20

•10

0
-14 -12 -TO -8 -6 -4

R e ( s ) rad/sec
-2

Fig. 9 Root locus at first iteration for the swept wing. Constraints
on damped frequency and available viscous damping included.



DECEMBER 1983 FLUTTER SYNTHESIS PROCEDURE 1027

Im(s)
rad/sec

A II Bending
o I Bending

increasing dynamic
pressure

V=190m/sec

•60

50
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.30

•20

"10

-14 -12 -10 -8 -6 . -4
Re(s) rad/sec

-2

Fig. 10 Root locus plot at tenth iteration for the swept wing.
Constraint on damped frequency and available damping included.

degrees of freedom. The finite-element model of its primary
structural box is depicted in Fig. 5. The membrane and rod
model was once again reduced to a twelve design variable
problem. Five natural modes of vibration, three primarily
bending and two torsion, were used to model the deformation
of the structure. For each of the 10 dynamic pressures, 20
roots had to be monitored for stability, a choice which
resulted in 200 inequality constraints. The design task was to
insure flutter-free performance for speeds up to 190 m/s. The
marginal stability requirements of Eq. (13) were used. The
initial and final designs for the problem are presented in Table
2. Figures 6 and 7 show the root locus plots for the first and
twelfth iterations of the design process. The weight iteration
history is shown in Fig. 8. There is a rapid convergence to the
optimum, with most of the excess weight eliminated in the
first five iterations.
, The swept cantilever wing model was also sized for a
constraint on the damping ratio and the frequency of the
response. In addition to the constraints on marginal stability
from the previous exercise, for flight speeds of 160, 175, and
190 m/s, additional constraints are imposed by prescribing
7ref = 0.5 and coref = 50 rad/s. This results in a total of 260
inequality constraints to be represented by the single
cumulative measure. Root locus plots for the first and tenth
iterations are shown in Figs. 9 and 10. The. volume con-
vergence history is illustrated in Fig. 8. As would be expected,
the additional constraint results in a higher weight. The initial
and final designs for this example are shown in Table 3.

Conclusions
The problem of optimal design for flutter considerations is

examined from the viewpoint of a gradient-based nonlinear
programming approach. Formulation of a flutter constraint
that does not require an actual computation of the flutter
speed results in a very large number of inequality constraints.
The cumulative constraint representation permits the for-
mulation of an efficient generalized constraint that cir-

cumvents this problem without having to resort to penalty
function-based unconstrained minimization techniques. The
generalized constraint can be used in conjunction with a
widely used V-g method of flutter analysis. The inherent
problems in this method, however, suggest the use of an
alternative analysis technique and the root locus approach is
proposed as a viable choice. This approach is preferable as it
permits the user to conduct the aeroelastic stability analysis
for only those flight conditions that are of interest by an
appropriate choice of the dynamic pressure parameter. It also
allows the formulation of a constraint wherein safety margins
can be prescribed in the optimized design. The gradients of the
flutter constraint with respect to sizing variables can be
computed analytically. The design strategy has been validated
for representative structural models.
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